Mathematical modeling of single and consecutive dual -frequency induction surface hardening systems are presented and compared. The both models are solved by the 3D FEMbased professional software supported by a number of own numerical procedures. The methodology is illustrated with some examples of surface induction hardening of a gear wheel made of steel 41Cr4. The computations are in a good accordance with experiments provided on the laboratory stand.
Introduction
Induction hardening is a kind of heat treatment where a steel body or its selected part is heated by induction to an appropriate temperature and then immediately quenched. Its result is very hard, but brittle microstructure. The idea of the surface induction hardening is connected with hardening of a thin surface layer only and keeping soft the internal part of the treated material. In general, the induction surface hardening consists of two consecutive stages with a short austenitization break between them. The time evolution of the process are presented in Fig.1 for the single frequency induction hardening (SFIH) and in Fig. 2 for the consecutive dual frequency induction hardening (CDFIH) Fig.1 Time evolution of temperature during single (on left) and dual frequency induction surface hardening (on right)
The first stage of the SFIH process is the fast induction heating. In a thin surface layer the treated material reaches the hardening temperature Th being bigger than the modified upper critical temperature Ac3m at [1] . 
where tB denotes the time when cooling begins (see Fig.1 ). For deeper layers the hardened body reaches temperatures bigger than the modified lower critical temperature Ac1m, but smaller than the modified upper critical temperature Ac3m and the microstructure contains not only austenite, but also pearlite and carbides. 
Finally, for the internal part of the body the material does not contain austenite at all.
For the dual-frequency process, the induction heating could be realized as simultaneous or consecutive. In the latter case the heating is realized in two consecutive time steps tMF and tHF with a short break between them tB1. The first step is the medium frequency (MF) induction heating. Then almost immediately (short break time tB2) the high frequency (HF) induction heating is realized. The heating terminates when the average temperature in the hardened zone exceeds Ac3m. However it depends on velocity of heating. In order to determine it the TimeTemperature-Austenitization (TTA) diagram for the steel is measured (Fig. 2) . . The second stage -quenching -makes it possible to achieve the requested martensitic microstructure. The resultant hardness depends on the speed of cooling. The real character of this dependence can be determined from the Continuous Cooling Temperature (CCT) diagram. For steel 41Cr4 in order to obtain uniform martentisic microstructure the velocity of cooling should be bigger than 500 K/s and the final temperature lower than the martensite finish temperature Msf. During a short break between both stages the temperature of the body decreases, but for the surface layer ii is still higher than Ac3m.
Mathematical modelling
In the paper we focus our attention on the spin induction hardening, where the material is heated simultaneously by a suitable inductor. We use single and dual-frequency hardening systems which allows obtaining the prescribed hardness profile. From the physical viewpoint, induction heating is a strongly nonlinear multi-physic process (Fig. 3) . The interaction between fields are connected mostly with temperature dependences of material properties. Electromagnetic and temperature fields were analyzed by means of FEM-based software. The total volumetric power density pv consists of two components, but the hysteresis losses are neglected:
where H denotes the magnetic strength, f the frequency, Jind eddy current density and  electric conductivity. Dependences of the specific heat cp, the thermal conductivity , and the electric conductivity  on temperature are shown in 
where cdenotes convection heat transfer coefficient, Tac temperature of convection environment,  Stefan constant, emissivityTar -temperature of radiation environment. The computation of temperature field for induction heating terminates when the average temperature of the hardening zone exceeds Ac3m. Then temperature field for cooling by spraying was calculated. Dependences of the specific heat cp, the thermal conductivity  and convection heat transfer cc on temperature were taken into account. The computation of temperature field for cooling terminates when the inequality (9) was satisfied. 
where tC denotes the time when cooling terminates and Msf means the temperature when the martensite transformation is completed. And finally hardeness and microstructure distribution were determined and compared with measurements.
Illustrative Example
The numerical solution of the induction hardening of gear wheels was provided by the Flux3D software with some own procedures. An attention was paid to the convergence of results in the dependence on the density of discretization meshes for the electromagnetic and temperature fields and on the position of the artificial boundary ABCD (Fig.1) .
Basic parameters and dimensions of the system are as follows: Temperature distribution within the tooth after MF heating is presented on left part of Fig. 9 . For  tMF = 4 s average temperature within the tooth Tav1 = 475 0 C, which is sufficiently lower than Ac1m. After HF heating the average temperature in the thin hardened zone along the working surface of the tooth Tav2 = 923 0 C.
And the second and the third case the SFIH process were analyzed for the same current and frequency (IMF = 1385 A, fMF = 36 kHz; IHF = 500 A, fHF = 240 kHz) and for the longer time of heating tMF = 6.6 s, tHF = 1.5 s. Temperature distribution after SFIH heating was presented in left side (MF) and right side of Fig. 10 . For tMF = 6.6 s the average temperature within the tooth Tav = 935 0 C. Taking into account calculated velocity of heating vih = 140 K/s the final temperature was sufficiently higher than Ac3m. But it was characteristic the non-uniform temperature distribution. At the top of the tooth the average temperature Tavtop = 820 0 C only. For tHF = 1.5 s the average temperature in the thin hardened zone along the working surface of the tooth Tav = 953 0 C. Taking into account that for the case calculated velocity of heating vih = 620 K/s the final temperature was still higher than Ac3m. The temperature distribution in the hardened zone was more uniform in comparision with the previous case. Based upon results (Fig. 9 -10 ) hardness distribution was calculated. Computations were compared with the measurements and quite reasonable accordance between them was noticed. Details will be presented during the conference.
Summary
The paper presents the SFIH and CDFIH methods applied for induction hardening of small gear wheels made of steel 41Cr4. Computations were compared with measurements of hardness distribution and the reasonable accuracy was achieved, however for the expected contour hardness distribution was obtained for the CDFIH method only.
